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Parameters of resistance

 Material : uncertainty in the strength of 
material, modulus of elasticity, cracking 
stresses, and chemical composition.

 Fabrication : uncertainty in the overall 
dimensions of the component which can affect 
the cross-section area, moment of inertia, and 
section modulus. 

 Analysis : uncertainty resulting from 
approximate methods of analysis and idealized 
stress/strain distribution models.



Parameters of Resistance

R = Rn M F P

where :

Rn = nominal value of resistance

M = material factor

F = fabrication factor

P = professional factor



Parameters of Resistance

 The mean value of R is

 Coefficient of variation

 Bias factor

   R n M F PR

     V V V VR M F P  
2 2 2

   R M F P



STEEL COMPONENTS

 Hot-Rolled Steel Beams (Non-composite 
Behavior)

Mp = FyZ 

 F = 1.0 and VF = 0.05 for all cases.  
However, if a component contains fillet 
welds, it is recommended that VF = 0.15 be 
used. 



Hot-Rolled Steel Beams
(Ellingwood et al, 1980)

Element

Type
P VP M VM F VF R

(1) VR

Tension Member

(Yielding)
1.00 0 1.05 0.10 1.00 0.05 1.05 0.11

Tension Member

(Ultimate)
1.00 0 1.10 0.10 1.00 0.05 1.10 0.11

Compact beam

(Uniform moment)
1.02 0.06 1.05 0.10 1.00 0.05 1.07 0.13

Compact beam

(Continuous)
1.06 0.07 1.05 0.10 1.00 0.05 1.11 0.13

Elastic beam

(Lat.-Torsional Buckling)
1.03 0.09 1.00 0.06 1.00 0.05 1.03 0.12

Inelastic beam

(Lat.-Torsional Buckling)
1.06 0.09 1.05 0.10 1.00 0.05 1.11 0.14

Plate Girders

(Flexure)
1.03 0.05 1.05 0.10 1.00 0.05 1.08 0.12

Beam-Columns 1.02 0.10 1.05 0.10 1.00 0.05 1.07 0.15



Non-composite steel girder bridges

Moment Capacity of non-composite steel Girders

 Evaluation of the response to bending moment for 

representative sizes using a computer procedure 

developed by Tabsh (1990).

 From simulations :

=1.075     V=0.10

 From American Iron and Steel Institute

=1.095     V=0.075

 Professional factor : P=1.02 VP=0.06

Resistance : R=1.12   VR=0.10



Non-composite steel girder bridges



Non-composite steel girder bridges



Non-composite steel girder bridges



Non-composite steel girder bridges



Composite Steel Girders
 Moment-curvature relationship 

 Simulation technique: Monte Carlo

 Moment-curvature relationships by Tabsh and Nowak 
(1991) 

 Concrete slab width considered is 6 ft (1.8 m), 

 Slab thickness is assumed to be 7 in (175 mm). 

 Based on data from the American Iron and Steel 
Institute (AISI), the statistical parameters for MF are 
MF = 1.07 and VMF = 0.08.  For the analysis factor, 
P, P = 1.05 and VP = 0.06. 

 The ultimate moment, R = 1.12 and VR = 0.10.
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Composite Steel Girders
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Composite Steel Girders



Composite Steel Girders



Shear Capacity of Steel Beams
 Ultimate shear capacity of steel sections

Vu = (1/3) Aw Fy

 Statistical parameters derived by Yamani (1992). 

 Based on recent test data provided by the American 
Iron and Steel Institute, the statistical parameters for 
MF combined are MF = 1.12, and VMF = 0.08. The 
parameters for the analysis factor are taken as P = 
1.02 and VP = 0.07. 

 Resulting parameters of the shear resistance are 

R = 1.14 and VP = 0.106.



Steel Columns
 The parameters depend on the slenderness ratio. Statistical 

data is provided by Ellingwood et al. (1980)

 Critical stress defined as 

 mean value
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Steel Columns



Steel Columns
 Mean resistance 

 According to Ellingwood et al. (1980), the product 
MFP is 1.08

 Values of  ranging from 0.3 to 1.9

 For the same range of  values, the coefficient of 
variation, VR, varies between 0.12 and 0.15.
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Cold-Formed Members

Member Type R VR

Tension member 1.10 0.11

Braced beams in flexure(1) 1.17-1.60 0.17-0.28

Laterally unbraced beams 1.15 0.17

Columns(2) 0.97-1.68 0.09-0.26



ALUMINUM STRUCTURES



REINFORCED CONCRETE 
COMPONENTS - BUILDINGS

Assumptions

- Variability of the material properties and dimensions 

correspond to average quality of construction

- Material strengths are assumed to be representative of 
relatively slow loading rates for dead load, live load and snow.

- Long time strength changes of the concrete and steel due to 
increasing maturity of the concrete and possible future 
corrosion of the reinforcement were ignored.



Concrete

How the long-term aging of concrete can affect its strength, consider 
this real-world example ? 

from Gardiner and Hatcher (1970) 
Concrete strength was tested at 99 points (locations) in a 22 year old 
building. 

 Average Strength  = 8,050 psi (56 N/mm2) 
 Standard deviation = 500 psi (3.5 N/mm2).  
 Average 28-day cylinder strength = 3,780 psi (26 N/mm2), 
 Specified design strength (nominal strength) = 3,000 psi (21 N/mm2)

Ratio of 22-year strength and 28-day strength = 2.13.



Stress-Strain Relationship 
for Concrete



Stress-Strain Relationship 
for Prestressing Steel



Resistance parameters, Ellingwood et al, 1980



Statistical Parameters of beams and columns







Concrete Strength 

 Compressive strength, cylinders with 
diameter = 6” (150mm) and height 12” 
(300mm)

 Mostly 28 day strength, for precast 
concrete also 1  day or 56 day strength











Results of Material Tests

 Cumulative distribution functions (CDF) 

 For an easier interpretation of the results, 
CDF’s are plotted on the normal probability 
paper

 CDF of a normal random variable is 
represented by a straight line

 Any straight line on the normal probability 
paper represents a normal CDF



Strength of Ordinary Concrete

Ready mix concrete

3,000 psi (21 MPa)

3,500 psi (24 MPa)
4,000 psi (28 MPa)

4,500 psi (31 MPa)
5,000 psi (35 MPa)

6,000 psi (42 MPa)

Plant-cast concrete

5,000 psi (35 MPa)

5,500 psi (38 MPa)

6,000 psi (42 MPa)

6,500 psi (45 MPa)



Strength of Concrete

Light-weight 
concrete

3,000 psi (21 MPa)

3,500 psi (24 MPa)

4,000 psi (28 MPa)

5,000 psi (35 MPa)

High strength 
concrete

7,000 psi (49 MPa)

8,000 psi (56 MPa)

9,000 psi (62 MPa) 

10,000 psi (70 MPa)

12,000 psi (84 MPa)



• Update the materials strength models using 
new statistical data

• Update the resistance models for reliability 
analysis

• Calculate reliability indices for components 
designed using ACI 318-05

• Provide a basis for selection of resistance 
factors

Objectives



• Compressive Strength of Ordinary Concrete, 
Ready mixed, fc’: 3,000   3,500   4,000   4,500   
5,000   and 6,000   psi

• Yield Stress of Reinforcing Steel Bars, Grade 60
Bar Sizes:   #3, #4, #5, #6, #7, #8, #9,
#10, #11 and #14

• Breaking Stress of Prestressing Steel (7-wire 
strands), Grade 270, Nominal Diameters:   0.5 in 
and 0.6 in

New Materials Data



Ordinary Concrete – Number of Samples
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Summary of the Statistical Parameters for Concrete

fc’
[psi]
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Recommended Bias Factor and 

Coefficient of Variation for Compressive Strength,  

and Shear Strength of Concrete

Concrete Grade

fc' (psi)

Shear Strength

 V  V

3000 1.31 0.17 1.31 0.205

3500 1.27 0.16 1.27 0.19

4000 1.24 0.15 1.24 0.18

4500 1.21 0.14 1.21 0.17

5000 1.19 0.135 1.19 0.16

5500 1.17 0.13 1.17 0.155

6000 1.15 0.125 1.15 0.15

6500 1.14 0.12 1.14 0.145

7000 1.13 0.115 1.13 0.14

8000 1.11 0.11 1.11 0.135

9000 1.10 0.11 1.10 0.135

10,000 1.09 0.11 1.09 0.135

12,000 1.08 0.11 1.08 0.135



Reinforcing Steel Bars, Grade 60
– Number of Samples
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– CDF of Yield Stress
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– CDF of Yield Stress
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Bar Size  V

# 3 1.18 0.04

# 4 1.13 0.03

# 5 1.12 0.02

# 6 1.12 0.02

# 7 1.14 0.03

# 8 1.13 0.025

# 9 1.14 0.02

#10 1.13 0.02

#11 1.13 0.02

#14 1.14 0.02

Reinforcing Steel Bars, Grade 60
– Statistical Parameters



Statistical Parameters assumed for Monte Carlo Simulations
- Reinforcing Steel Bars, Grade 60
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Prestressing Steel (7-wire strands), Grade 270
– Number of Samples



-4

-3

-2

-1

0

1

2

3

4

0

2
0

4
0

6
0

8
0

1
0
0

1
2
0

1
4
0

1
6
0

1
8
0

2
0
0

2
2
0

2
4
0

2
6
0

2
8
0

3
0
0

3
2
0

3
4
0

3
6
0

3
8
0

4
0
0

Source 1 (samples:  3908) Source 2 (samples: 1158)

Source 3 (samples:   268) Source 4 (samples: 9795)

Source 5 (samples: 18258)

Breaking
Stress [ksi]

In
v
e
rs

e
 N

o
rm

a
l 
D

is
tr

ib
u
ti
o
n

Strands 0.5 in

Prestressing Steel (7-wire strands), Grade 270
CDF of Breaking Stress



-4

-3

-2

-1

0

1

2

3

4

0

2
0

4
0

6
0

8
0

1
0
0

1
2
0

1
4
0

1
6
0

1
8
0

2
0
0

2
2
0

2
4
0

2
6
0

2
8
0

3
0
0

3
2
0

3
4
0

3
6
0

3
8
0

4
0
0

All sources (samples: 33387) Approximation

Breaking
Stress [ksi]

In
v
e
rs

e
 N

o
rm

a
l 
D

is
tr

ib
u
ti
o
n

Strands 0.5 in

 = 280

 = 4

 = 1.04

V = 0.015

Prestressing Steel (7-wire strands), Grade 270
CDF of Breaking Stress



-4

-3

-2

-1

0

1

2

3

4

0

2
0

4
0

6
0

8
0

1
0
0

1
2
0

1
4
0

1
6
0

1
8
0

2
0
0

2
2
0

2
4
0

2
6
0

2
8
0

3
0
0

3
2
0

3
4
0

3
6
0

3
8
0

4
0
0

Source 1 (samples:  700) Source 2 (samples:  785)

Source 3 (samples:  212) Source 4 (samples: 3442)

Source 5 (samples: 8889)

Breaking
Stress [ksi]

In
v
e
rs

e
 N

o
rm

a
l 
D

is
tr

ib
u
ti
o
n

Strands 0.6 in

Prestressing Steel (7-wire strands), Grade 270
CDF of Breaking Stress



-4

-3

-2

-1

0

1

2

3

4

0

2
0

4
0

6
0

8
0

1
0
0

1
2
0

1
4
0

1
6
0

1
8
0

2
0
0

2
2
0

2
4
0

2
6
0

2
8
0

3
0
0

3
2
0

3
4
0

3
6
0

3
8
0

4
0
0

All sources (samples: 14028) Approximation

Breaking
Stress [ksi]

In
v
e
rs

e
 N

o
rm

a
l 
D

is
tr

ib
u
ti
o
n

Strands 0.6 in

 = 275

 = 4

 = 1.02

V = 0.015

Prestressing Steel (7-wire strands), Grade 270
CDF of Breaking Stress



Prestressing Steel – Statistical Parameters

Grade Size
Number

of samples
Bias Factor V

250 ksi

1/4 (6.25 mm)
3/8 (9.5 mm)
7/16(11 mm)

1/2 (12.5 mm)

22
83
114
66

1.07
1.11
1.11
1.12

0.01
0.025
0.01
0.02

270 ksi

3/8 (9.5 mm)
7/16 (11 mm)
1/2 (12.5 mm)
0.6 (15 mm)

54
16

33570
14028

1.04
1.07
1.04
1.02

0.02
0.02
0.015
0.015



Compressive strength in structure  
vs. in cylinder test, fc’

• It is assumed that the actual compressive 
strength of concrete in structure is 10% lower 
than the compressive strength obtained in a 
cylinder test (fc’)

• It is assumed that the actual shear strength in 
structure is 5% lower than the shear strength 
obtained from the cylinder test results



Statistical Parameters of Fabrication Factor
(Ellingwood, Galambos, MacGregor, Cornell)

 V

width of beam, b 1.01 0.04

effective depth of beam, d 0.99 0.04

effective depth of one-way slab, d 0.92 0.12

effective depth of two-way slab, d

d = 4 in 1.03 0.09

d = 6 in 1.02 0.06

d = 8 in 1.015 0.04

depth and width of column, b1, b2 1.005 0.04

area of reinforcement, As, Av 1.00 0.015

spacing of shear reinforcement, s 1.00 0.04



Statistical Parameters of Professional Factor
(Ellingwood, Galambos, MacGregor, Cornell)

 V

R/C beams - flexure 1.02 0.06

R/C beams - shear without stirrups 1.16 0.11

R/C beams - shear with stirrups 1.075 0.10

Axially loaded columns, tied 1.00 0.08

Axially loaded columns, spiral 1.05 0.06

One way slabs - flexure 1.02 0.06

One way slabs - shear 1.16 0.11

Two way slabs - shear 1.16 0.11

Bearing strength 1.02 0.06



Bending Resistance
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Bias Factor of Resistance for Beams, Flexure

Bias factor for resistance - R/C beam, flexure
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Coefficient of Variation of Resistance for Beams, Flexure

Coefficient of variation for resistance - R/C beam, flexure
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Bias Factor of Resistance for Beams, Shear

Bias factor for resistance - R/C beam 

shear with and without shear reinforcement
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Coefficient of Variation of Resistance for Beams, Shear

Coefficient of variation for resistance - R/C beam 
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Bias Factor of Resistance for One way Slab, Flexure

Bias factor for resistance - R/C slab, 1-way flexure
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Coefficient of Variation of Resistance 
for One way slab, Flexure

Coefficient of varaition for resistance - R/C slab, 1-way flexure
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Bias Factor and Coefficient of Variation of Resistance for 
Concrete Bearing Strength

Bias factor for resistance - concrete bearing 
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Statistical Parameters of Resistance, R, 
Beams

Structural type and 

limit state

Statistical parameters

Old material data New material data

Ordinary 

concrete

High strength 

concrete

Light weight 

concrete

Bias V Bias V Bias V Bias V

R/C beam cast-in-place, 

flexure 

1.114 0.119 1.190 0.089 1.16 0.09 1.18 0.09

R/C beam plant cast, 

flexure 

1.128 0.133 1.205 0.081

R/C beam cast-in-place, 

shear 

1.159 0.120 1.230 0.109 1.19 0.11 1.23 0.11

R/C beam plant cast, 

shear 

1.170 0.116 1.242 0.105

P/S beam plant cast, 

flexure 

1.034 0.081 1.084 0.073

P/S beam plant cast, 

shear 

1.130 0.105 1.194 0.103



Statistical Parameters of Resistance, R, 
Slabs

Structural type and limit 

state

Statistical parameters

Old material data New material data

Ordinary concrete High strength 

concrete

Light weight 

concrete

Bias V Bias V Bias V Bias V

R/C slab cast-in-place 1.052 0.169 1.077 0.146 1.070 0.145 1.080 0.150

R/C slab plant cast 1.146 0.116 1.174 0.082

P/S slab plant cast 1.053 0.070 1.075 0.070

Post-tensioned slab 

cast-in-place

0.961 0.146 0.982 0.145 1.030 0.110



Statistical Parameters of Resistance, R, 
Columns and Plain Concrete Elements

Structural type and 

limit state

Statistical parameters

Old material 

data

New material data

Ordinary 

concrete

High strength 

concrete

Light weight 

concrete

Bias V Bias V Bias V Bias V

R/C column cast-in-

place, tied 

1.107 0.136 1.260 0.107 1.20 0.12 1.26 0.13

R/C column plant 

cast, tied 

1.102 0.134 1.252 0.103

R/C column cast-in-

place, spiral 

1.163 0.124 1.316 0.097 1.26 0.11 1.33 0.12

R/C column plant 

cast, spiral 

1.156 0.122 1.323 0.091

P/S column plant cast, 

tied 

1.017 0.094 1.080 0.090

P/S column plant cast, 

spiral 

1.068 0.076 1.133 0.071

Plain concrete, 

flexure, shear

1.004 0.082 1.105 0.082 1.24 0.08 1.40 0.08



Moment Capacity of Reinforced 
Concrete T-Beams in Bridges

 The statistical parameters of bending resistance were derived by 
Nowak, Yamani, and Tabsh (1994). 

 Three sections are considered
 a flange width = 7 ft (2.1 m)
 slab thickness= 7.25 inches (180 mm). 
 spans ranging from 40 to 80 ft (12 to 24 m).

 The bias factor and coefficient of variation of MF (materials and 
fabrication) for lightly reinforced concrete T-beams were 
assumed to be 1.12 and 0.12, respectively.  The parameters for 
analysis factors were taken as P = 1.00 and VP = 0.06. 

 The resistance parameters were R = 1.12 and VR = 0.13.



Moment Capacity of Reinforced 
Concrete T-Beams
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Moment Capacity of Reinforced 
Concrete T-Beams



Shear Capacity of Reinforced 
Concrete T-Beams

 The shear capacity of reinforced concrete girders can 
be calculated using the Modified Compression Field 
Theory (Vecchio and Collins, 1982 & 1986). 

 The statistical parameters were determined on the 
basis of simulations performed by Yamani (1992). 

 The relationship between shear force and shear 
strain was established for representative T-beams. 

 The nominal (design) value of shear capacity was 
calculated according to current AASHTO provisions.



Shear Capacity of Reinforced 
Concrete T-Beams
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Shear Capacity of Reinforced 
Concrete T-Beams



MOMENT CAPACITY OF PRESTRESSED 
CONCRETE AASHTO GIRDERS IN BRIDGES

 The parameters of resistance for prestressed concrete bridge girders 
are derived on the basis of the statistical data from Ellingwood, 
Galambos, MacGregor and Cornell (1980) and Siriaksorn and Naaman 
(1980). 

 The strains are assumed to be linearly distributed. 

 Uncracked and cracked sections are considered.

 Representative moment-curvature relationships for typical AASHTO 
girders are shown in the following figures.  The solid line corresponds 
to the average, whereas the dashed lines correspond to the average 
plus one and minus one standard deviation. 

 Bias factor for the product MF  MF = 1.04, coefficient of variation of 
MF = 0.045
For the analysis factor bias, P = 1.01 and VP = 0.06  

 The resistance parameters are  R= 1.05     VR= 0.075



Moment Capacity (P/C)
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Moment Capacity (P/C)



Shear Capacity (P/C)

 The shear capacity of reinforced concrete girders can be 
calculated using the Modified Compression Field Theory (Vecchio and 
Collins, 1982 & 1986). 

 The statistical parameters were determined on the basis of 
simulations performed by Yamani (1992). 

 The relationship between shear force and shear strain was 
established for representative T-beams. 

 The nominal (design) value of shear capacity was calculated 
according to current AASHTO provisions

 FM :  MF = 1.07 and VMF = 0.10. 
 Analysis factor P: P = 1.075 and VP = 0.10.  
 Shear resistance : R = 1.15 and VR = 0.14.
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Summary of Resistance 
Parameters for Bridges



Resistance of Components with 
High Strength Prestressing  Bars

 The resistance of components made with high-strength 
prestressing bars is determined by the mechanical properties of 
the prestressing bars.  

 Next figure presents the results of tests on 30 samples 
conducted by Dywidag Systems International.  

 The tests were conducted to determine the yield stress, Fy, and 
the tensile strength (ultimate stress), Fu. 

 The calculated coefficients of variation are 0.03 for Fy and 
0.01 for Fu.  However, the lower tails of the CDF's show a 
higher variation, which is important in reliability analysis.  The 
statistical parameters of the resistance can be assumed to be 
the same as for reinforced concrete T-beams



Resistance of High Strength 
Prestressing  Bars

1,000 MPa



WOOD COMPONENTS

The major material parameters governing the resistance of 
structural members made of wood are the modulus of 

rupture (MOR) and the modulus of elasticity (MOE).
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WOOD COMPONENTS,
MOR vs. MOE



WOOD COMPONENTS,
MOR vs. MOE



Reliability-Based Sensitivity Analysis of RC 
Column Resistance

Outline
 Types 
 Axial load vs. Moment formulas
 Monte Carlo simulations
 Reliability Analysis



Eccentrically Loaded Columns
1. Basic Assumptions



Eccentrically Loaded Columns

Assumption of plane cross section
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Eccentrically Loaded Columns

Mechanical behavior of reinforcement steel
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Eccentrically Loaded Columns
Mechanical behavior of concrete
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Eccentrically Loaded Columns
Force and moment caring capacity
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Eccentrically Loaded Columns

Eccentricity of force
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Analysis of Possible Cases of Cross Section Behavior

Interaction Diagram for Eccentrically Compressed Columns; 
(a) Cross Sections Type I, (b) Cross Sections Type II. 

(a) (b)



Types of Cross Section

For Type I of cross sections
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Type I of Cross Section

Case I (Axial Load)
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Case II (Whole Concrete Cross Section in Compression)
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Case III (Part of Concrete Cross Section in Compression –
Compression Control)
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Case III (Part of Concrete Cross Section in Compression –
Compression Control)
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p,q,t  - depending on geometry and material properties



•Case III (Part of Concrete Cross Section in 
Compression Compression Control)
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Case IVa (Part of Concrete Cross Section in Compression – Tension

Control)
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Case V (Part of Concrete Cross Section in Compression – Tension

Control)
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p,q,t  - depending on geometry and material properties



For the pure flexure (case VI) is
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Simulated Interaction 
Diagrams

 concrete strength of 55 MPa
 tied columns 
 cast-in-place

red dots = nominal values



Interaction Diagrams
For Concrete 20 MPa
(tied columns, cast-in-place)



Interaction Diagrams

For Concrete 35 MPa

(tied columns, cast-in-place)



Interaction Diagrams
For Concrete 55 MPa
(tied columns, cast-in-place)



Interaction Diagrams

 concrete 85 MPa
 tied columns, 
 cast-in-place



Bias for 

 concrete 20 

MPa

 tied columns 

 cast-in-place )



Bias for Concrete 35 MPa

(calculated for tied 

columns cast-in-place) 



Bias for Concrete 55 MPa

(calculated for tied 

columns cast-in-place) 



Bias for Concrete 85 MPa

(calculated for tied 

columns cast-in-place) 



COV for Concrete 20 MPa

(calculated for tied 

columns cast-in-place)



COV for Concrete 35 MPa

(calculated for tied 

columns cast-in-place)



COV for Concrete 55 MPa

(calculated for tied 

columns cast-in-place)



COV for Concrete 85 MPa

(calculated for tied 

columns cast-in-place)



Statistical Parameters for Resistance (bias)

Highlighted values are for balanced failure



Statistical Parameters for Resistance (bias)

Highlighted values are for balance failure



Statistical Parameters for Resistance (COV)

Highlighted values are for balance failure



Statistical Parameters for Resistance (COV)

Highlighted values are for balance failure



















Reliability Indices

Highlighted values are for balance failure



Reliability Indices



Conclusions

Eccentricly loaded columns require a special       
approach

The uncertainty is not only in load but also in 
the eccentricity

There is a need to modify the resistance factors 
for moment and axial load


